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Abstract. In our another recent article, we introduce a new dynamical prop- 
erty for linear operators called norm-unimodality which implies distributional 
chaos. In the present paper, we'll give a further discussion of norm-unimodality. 
It is showed that norm-unimodality is similar invariant and the spectra of 
norm-unimodal operator is referred to. As an application, in each nest alge- 
bra there exist distributional chaotic operators. Moreover, normal operators 
and compact operators with regard to norm-unimodality and Li-Yorke chaos 
are also be considered. Specially, a small compact perturbation of the unit 
operator could be distributionally chaotic. 



1. Introduction and Preliminaries 

A discrete dynamical system is simply a continuous mapping f : X ^ X where 
X is a complete separable metric space. For x X, the orbit of x under / is 
Orb{f, x) = {x, f{x),p{x), . . .} where /" = / o / o • • • o / is the n'^ iterate of / 
obtained by composing / with n times. 

In 1975, Li and Yorke [9| observed complicated dynamical behavior for the class 
of interval maps with period 3. This phenomena is currently known under the 
name of Li-Yorke chaos. Therefrom, several kinds of chaos were well studied. In 
the present article, we focus on distributional chaos. 

Definition 1.1. {x, y} C X is said to be a Li-Yorke chaotic pair, if 

limsupd(r(x),r(2/)) > 0, liminf d(r(a;),r(y)) = 0. 

Furthermore, / is called Li-Yorke chaotic, if there exists an uncountable subset 
rex such that each pair of two distinct points in F is a Li-Yorke chaotic pair. 

From Schweizer and Smltal's paper [14], distributional chaos is defined in the 
following way. 

For any pair {x, y} C X and any n S N, define distributional function F"y : R — > 
[0,1]: 

F^yir) = -#{0 <^<n-^■. d{fix), f (y)) < r}. 
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Furthermore, define 

n— i-oo ^ 

KyiT) = limsupF^"^(T) 

n — >oo 

Both Fxy and F*y are nondecreasing functions and may be viewed as cumulative 
probability distributional functions satisfying F^yir) = F*y{T) = for r < 0. 

Definition 1.2. {x, y} C X is said to be a distributionally chaotic pair, if 

F*y{T) = 1, V T > and F^y{e) = 0, 3 e > 0. 

Furthermore, / is called distributionally chaotic, if there exists an uncountable 
subset A C X such that each pair of two distinct points in A is a distributionally 
chaotic pair. Moreover, A is called a distributionally e-scrambled set. 

Distributional chaos always implies Li-Yorke chaos, as it requires more compli- 
cated statistical dependence between orbits than the existence of points which are 
proximal but not asymptotic. The converse implication is not true in general. How- 
ever in practice, even in the simple case of Li-Yorke chaos, it might be quite difficult 
to prove chaotic behavior from the very definition. Such attempts have been made 
in the context of linear operators (see OH]). Further results of |[3] were extended 
in [12] to distributional chaos for the annihilation operator of a quantum harmonic 
oscillator. More about distributional chaos, one can see |16 [ fl] [TO j [TT | I17j. 

We are interested in the dynamical systems induced by continuous linear op- 
erators on Banach spaces. From Rolewicz's article [13], hypercyclicity is widely 
studied. In fact, it coincides a dynamical property "transitivity". Now there has 
been got so many improvements at this aspect (Grosse-Erdmann's and Shapiro's 
articles [6l[T5] are good surveys.). Specially, distributional chaos for shift operators 
were discussed by F. Martinez- Gimenez, et.al. in [5|. In a recent article [8] of the 
first author, one introduce a new dynamical property for linear operators called 
norm-unimodality which impHes distributional chaos. 

Definition 1.3. Let X he a Banach space and let T e C{X). T is called norm- 
unimodal, if we have a constant r > 1 such that for any m e N, there exists Xm G X 
satisfying 

lim ||T''a;,„|| = 0, and ||T'a;m|| > r*||a::„||, « = 1, 2, . . . , m. 

k — ^oo 

Furthermore, such r is said to be a norm-unimodal constant for the norm-unimodal 
operator T. 

Theorem 1.4 (Distributionally Chaotic Criterion [8]). Let X he a Banach space 
and let T £ C{X). IfT is norm-unimodal, then T is distributionally chaotic. 

More generally. 

Theorem 1.5 (Weakly Distributionally Chaotic Criterion [8]). Let X be a Banach 
space and let T £ C{X). Suppose Cm be a sequence of positive numbers increasing 
to -I-oo. // there exist {xm\m=i ^ satisfying 
[WNUl) lim ||T'=x™|| = 0. 

k — >-oo 

(WNU2) There is a sequence of positive integers Nm increasing to -\-oo, such 
tf^^t lim #lo<^<A-^-i;l|T'.„J>c„l|.„.l|} ^ 1, 

Then T is distributionally chaotic. 



SOME DYNAMICAL PROPERTIES FOR LINEAR OPERATORS 



3 



In the present paper, we'll show that norm-unimodality is similar invariant firstly, 
and give a description for the spectra of norm-unimodal operators. As an appHca- 
tion of Theorem ll.4^ in each nest algebra there exist distributional chaotic operators. 
At the end, normal operators and compact operators are referred to. It is proven 
that neither normal operator nor compact operator is Li-Yorke chaotic, and any 
compact perturbation of XI can't be norm-unimodal. Surprisingly, a small compact 
perturbation of the unit operator could be distributionally chaotic. 



2. Norm-unimodal operators 

Proposition 2.1. Let X be a Banach space, let T,C d C{X) and C be an invertible 
operator. If T is norm-unimodal, then C~^TC is also norm-unimodal. 

Proof. Firstly, claim that the following statements are equivalent, 
(a). T is norm-unimodal. 

(6). There are constants r > 1 and N £N such that for any m> N, there exist 
Xm & X satisfying 

lim ||T'=j;„J = 0, and ||r'x,^|| > rix,„||, i = N, N + 1, . . . ,m. 

k — ^CxD 

For convenience, denote the property (6) as P{N). 
(a) (6) is obvious. 

(6) ^ (a): If P(A^) holds, then for any m > A^ — 1, there exist Xm & N satisfying 

\\T'Xm\\>r'\\x^\\, i = N,N+l,...,m + N-l, and lim ||r'=a:„Jl = 0. 

k—>-OG 

For iV- 1, it is either \\T^-''^Xm\\ > r^-^\\x„^\\ or \\T^~^Xm\\ < r^-^\\xm\\. 
If ||T^~-'-a;m|| < r^~-'-||a;„i||, set = T^^^Xm. Then we have 

WT^'-'y^W > r^-'\\r^-'x^\\ > r^-i||T~-Vn|| = r^'^lly™!!, 
WT'ymW = \\r+''-^x^\\>r'\\y^\\,N <i<m, and 
lim WT'^y^W = 0. 

k — 'oo 

So in any case, P{N — 1) holds, i.e., there exist Zm X such that 

\\Tz„,\\>r'\\z„^\\,N-l<i<m, and lim ||r'=z™|l = 0. 

k — yoo 

Continue in this matter finitely, one can see (a) holds. 
Now it's sufficient to show that C~^TC satisfies (&). 

Suppose T is norm-unimodal. Then there is a constant r > 1 such that for any 
TO S N, there exists Xm S X satisfying 

lim ||T^-a;„,|| =0, and ||T*2;„|1 > rlx^H, i = l,2,...,TO. 

k — ^oo 

Choose ri such that 1 < ri < r. Then there exist A^i such that for any k > Ni, 
{r/ri)^ > \\C\\ ■ ||C~^||. Given any m> Ni , we have for Ni < i < m, 

\\ic~'Tcyc~'x„,\\ > > > ^lll^^^'IMKII > r\\\c-'x^\\, 

and 

lim ||(c-irc)^c-ix,„|| -0. 

Therefore, norm-unimodality is similar invariant. □ 
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Next, let's consider the the spectra of norm-unimodal operators. Denote D be 
the unit open disk on complex plane. Moreover, D~ denoted as its closure and SID 
denoted as its boundary. 

Proposition 2.2. Let T be a norm-unimodal operator on complex Hilbert space. 

Then there exist {A„}^i C a{T) n D""" such that lim A„ = A G dD. 



Proof. Suppose it's not true. Then according to Riesz Decomposition Theorem, we 
can obtain 



To 



Hi 
H2' 



where a(Ti) = (j(T) nD", a{T2) = a{T) - ct(Ti) and a{T2) C {z; \z\>S> 1} 
Furthermore, 

"Ti * " 
T2 



Hi 

Ht' 



where cr(T2) = cf{T2). 

Since T is norm-unimodal, then there is a constant r > 1 such that for any 
m e N, there exist Xm G H satisfying 



lim ||T'=a;„|| =0, and \\T'xm\\ > r\lx. 



mil) i — 1, 2, . . . , TO. 



In addition, 



Xm — Xj^ + a;^. 



where x]^ € Hi, x^ G H^, 



= 0. 

k — >oo 

According to Spectral Mapping Theorem and Spectral Radius Formula, 
ri{T2)-^ = r{T2~^) = lim 

fc— >oo 

Note r"i(T2) > 5 > 1, one can choose e > such that ri{T2)~^ + e < 1. Then there 
exist M e N such that for A; > M, 

\\T2 \\ >i(r2)-i+e' 



Since as fc — > 00, 



1 



T2 ri{T2) ^ + e 



) ll^mll — ll^mll' 



then x"^ = and hence T'^Xm = Tixl^. Consequently, for 1 < i < m, 
||T^a;^|| = ||T'ar„||>r'||a;„ 



f ' 1 1*^^ 



So r(Ti) > r > 1. It is a contradiction. 



□ 



Speaking intuitively, in the spectra of each norm-unimodal operator there should 

be a sequence of points outside the unit circle converges to a point on the unit circle. 
And there exist norm-unimodal operators whose spectra disjoint with the unit open 
disk. 
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Example 2.3. Let T be a bilateral weighted shift operator with weights {ujn}nei 
as 

2, if n > 

In|-1 



\n\ 

Obviously, T is norm-unimodal but <j{T) n '. 



if ?i< 



From theorem II. 4^ we see norm-unimodality implies distributional chaos. How- 
ever, there exist distributionally chaotic operators but not norm-unimodal and its 
spectra coincides the unit circle. 

Example 2.4. Let T be a bilateral weighted shift operator with weights {uJn\neJ. 
as 

n + 2 



if n > 



n+ 1' 
' ' , if n < 



Obviously, T is distributional chaotic and <j[T) — 911), although it is not norm- 
unimodal. 

At the end of this section, let's consider distributional chaos in nest algebra via 
the technique of norm-unimodality. 

Definition 2.5. A nest 9^ is a chain of closed subspaces of a Hilbert space H 
containing {0} and H which is closed under intersection and closed span. The nest 
algebra T(*Jt) of a given nest 91 is the set of all operators T such that TN C N for 
every element N in 91. 

Definition 2.6. Given a nest 01. For N belonging to 9T, define 

7V_ \J{n' e «n; iv' < n} 

If -/V_ 7^ N, then we call N- the immediate predecessor to N , otherwise N has no 
immediate predecessor. 

Lemma 2.7. T(01) is a weak operator closed suhalgehra of B{H). 

The proof can be referred to |2] . 

Proposition 2.8. Given a nest 91 , then there exist an operator T in T(9t) such 
that T is distributionally chaotic. 

Proof. If H has the immediate predecessor Hi, then Hi will be considered. Con- 
tinue in this manner, we may obtain either a chain H > Hi > H2 > ■ ■ ■ , or a Hm 
which has no immediate predecessor. 

The first case. Let F,; = G Hi and Hq = H. Choose fi e Fi such that 
||/,|| - 1. Define 

-\-OGn-~l 
n=li=0 

where ai = 1 and a„ — a„_i = n. Since each fa„+i+i G 2fa„+i belongs to T(9t), 
then A belongs to T(9t) by lemma [2771 
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The second case. Since Hm has no immediate predecessor, there exist a chain 
Ni < N2 < ■ ■ ■ < N, < ■ ■ ■ < Hm m'n such that SOT - Wia.^oo P{Ni) = P{Hm). 
Let Ei ~ Ni^i Q Ni, i > 1. Choose ei G Ei such that || e.^ || = 1. Define 



+ oon — 1 



+i 



2ea„ 



n=l 2=0 



where oi = 1 and a„ — a„_i = n. Since each ea„+i (S" 2ea„+j+i belongs to T(OT), 
then ^ belongs to T{m) by lemma O 

One can easily see that both A and B have the form of matrix under suitable 
bases as follows : 



where 



W2 



Wk- 



(kxk) 



T could seem as this matrix, so one can easily prove that T is norm-unimodal 
and hence is distributional chaos. □ 



3. Normal operators and compact operators 

In this section, we'll consider norm-unimodality and Li-Yorke chaos for normal 
operators and compact operators. 

Proposition 3.1. Let N be a normal operator on separable complex Hilbert space. 
Then N is impossible to be Li-Yorke chaotic. Consequently, N is neither distribu- 
tionally chaotic nor norm-unimodal. 

Proof. Since N is normal, there exist finite positive regular Borel measure fi and 
Borel function £ L°°{a{N), ^) such that N and are unitarily equivalent. 
is multiplication by 77 on L'^{a{N), n). To see Af^ being not Li-Yorke chaotic, it's 
sufficient to prove lim ||M™(/)|| = if G uj{f). 

Let 

Ai = {zea(iV);|7y(z)|>l}, 

A2 = {zea{N):Mz)\<l}, 

A3 = {zea(7V);/(z) = a.e. [fi]}, 

Ai^{zea{Ny,f{z)^0 a.e. [fi]}. 
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Since G oj(f), there exist {mfc}~ , such that lim ||M™'=(/)|| = 0. Then 



Jcr{N) 

JAinA4 >/A2nA4 



' AinA4 

and hence /K(AinA4) = 0. For any m € N, there exist k such that ruk < m < ruk+i. 
Consequently, 



^AonAi 



< 



A2nA4 



Iv'^-fl^di, 



Therefore, hm ||M™(/)|| = 0. 



□ 



Proposition 3.2. Let K be a compact operator on complex Hilhert space, then 
K is impossible to be Li-Yorke chaotic. Consequently, K is neither distributional 
chaotic nor norm-unimodal. 

Proof. According to Riesz Decomposition Theorem, we have 



K = 



Hi 

H2 



where a{Kx) = a{K) n © and a{K2) = <j{K) - a{Ki) . 
Furthermore, 



K = 



Ki ^ 
K2 



Hi 
Ht 



and u{K2) = a{K2) = {Ati,/X2, . . • 

Since K is a compact operator , then 

(1) there exists 0<p<l,A^eN such that for any x G Hi, ||i4r"(a;)|| < p"||x|| 
for every n> N . 

(2) K2 is similar to Jordan model J = 0'=i{0jii ■^^•(Ati)}, where 



> 1 



Hence 



Kr^T 



Ki * 
J 



'-I (nxn) 



Hi 
r-L- 



Hf 
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Consequently, T and K are simultaneously Li-Yorke chaotic or not. At present, 
it suffice to consider the condition of only one Jordan block J — 

If > 1, one can use the technology of proposition 12.21 to obtain the result. 
Let = 1. Since the dimension of Hi is finite, then for each y € , 



y = 2/iei + 2/262 



where {ei, 62, . . . , e„} is an orthonormal basis of . 

For each z £ H , there is a unique decomposition z — x y where x £ Hi and 
y e Hi. Claim that i/ = if G ^(z). Suppose y ^ 0. There must be i such that 
Vi 0, Vt+i = yi+2 = . . . = 2/„ = 0. Then 



llT™(z)f >||J"(y)|l 



^1" 



Cn — 1 ,,m— n+1' 
m M 

,,m—n+2 





'yi 




2/2 




_yn_ 



- \Cl^ryi + Cl^r-'y2 + ... + CJ^-^-'^+'ynl' 



= m ■ 

It is a contradiction to € 

Consequently, if e cj(z), we have lim ||r'"(z)|| = lim = 0. There- 

m — ^00 m — *oo 

fore, T is impossible to be Li-Yorke chaotic, and so is K. Furthermore, K is neither 
distributional chaotic nor norm-unimodal. □ 



Proposition 3.3. Let K he a compact operator on complex Hilbert space, A G C. 
Then XI + K is not norm-unimodal. 



Proof. If |A| ^ 1, then the result is followed by proposition 12.21 In fact, \I + K is 
not Li-Yorke chaotic currently. 

Now let |A| = 1. Let {^injnLi, 1 < M < 00, be the spectra of a{XI + K) n B^^ 
Since is a compact operator, then according to Riesz Decomposition Theorem 



XI + K = 



Ti 

* T2 

* * T3 



Hi 
H2 
H3 

Hnc 



where Hi, H2, ■ ■ ■ , Hn, . . . are such subspaces that Hj coincides with the 

Riesz subspace of {XI + K)* corresponding to the clopen subset {711,712, . . . ,7*n} of 
a((A/ + K)*), c7{Tn) = {yUn} and H^ = H Q {0i<„<m H^}. It is not difficult to 
check that (t{T^) C a{XI + K) - 

Suppose A/ + if is norm-unimodal, i.e., there is a constant r > 1 such that for 
any to S N, there exists x £ H satisfying 



Mm. \\{XI + KYx\\=0, and \\{XI + KfxW > r'\\x\\, i^l,2, 
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For such X e H, write x — (0^^^^ a;„) ® Xoo- Then Um ||(A/ + K)''x\\ — imphes 



0f=i a;„ = 0; and I \T^x\ | = 1 1 (A/ + if )'a;| | > r' | |x| | , 1 < z < m, impHes r{T^) > r. 
However, this is impossible since (T{Tao) C D~. □ 

In the research of hypercycHcity, Herrero and Wang [7] gave a surprising result. 



Proposition 3.4 ([?])• For any e > 0, there is a small compact operator \\K^\\ < e 
such that I + Kg is hypercyclic. 

Correspondingly, we obtain a similar result for distributional chaos. Although 1+ 
K can't be norm-unimodal, it may hold Weakly Distributionally Chaotic Criterion. 

Proposition 3.5. For any e > 0, there is a small compact operator \\Kf\\ < e such 
that I + Kg is distributionally chaotic. 

Proof. Without losses, assume 7i be a separable complex Hilbert space. Given any 
e > 0. Let Ci be a sequence of positive numbers increasing to +oo. For each i £ N, 
set ei — 4~*e. Then we can select Li such that (1 + 6^)^' > V^Ci. Moreover, choose 
rrii such that -k^ < i. 

Write Hi — 2mi. We can obtain a orthogonal decomposition of Hilbert space 
H = Hi, where Hi is n^-dimensional subspace. Define operators on each Hi 

as follows. 



5,; = 



2e, 



2e, 




K,, = 



Then 



K, 



{riiXm) 



2e,; 



2ei 



2e,; 



{mxrii) 



2e, 



(1 - e,)h + S^. 



{niXrii) 

Let Xi — {1,1, . . . ,1) e Hi. We have for 1 < n < rrii, 

+ K,nx,)\\ 



= ii(E^«(i 

n 

> ||(E^n(l-eO'(2e 



e,)'^Sr-')x,\\ 



1 — k 



fe=0 



k=0 



Vm7(l + e^Y' 



V2 



Consequently, 



> 
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#{0 < fc < m, - 1; 11(7, + K,fx,\\ > 
#{Li,L, + l,...,m, -1} 



nil 

L, 



= 1 - 

Notice Ki is of finite rank and < 4^~*e. Hence, — Ki is a compact 

operator on H and \\K^\\ < e. Since I + — + Ki), then for previous Xi 

seemed as in 7i, 

(WNUl) lim 11(7 + = since r(/ + ii:,) < 1. 

k — >oo 

{WNU2) The sequence of positive integers increasing to +oo satisfies 

j.^ #{0 < fc < m, ~ 1; 11(7 + K,)>'x^\\ > a\\x,\\} 
i^cc rn.i 
j.^ #{0 < fc < m, - 1; 11(1, + K,)''Xi\\ > Ci\\x,\\} 



= lim 1 - il = 1. 

i^oo rrii 

Therefore, I + K^, is distributionally chaotic by theorem ll.51 □ 

Remark 3.6. From the construction above, we can see that distributional chaos isn't 
preserved under compact perturbations for bounded linear operators. The previous 
operator / + TCg is a counterexample. In fact, (/ + K^) — Ki is not distributionally 
chaotic, where Ki = Off,) Kj) is a compact operator with norm 

less than 4^*e. 
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